Solutions to short-answer questions

1 a Letthe 3 consecutive integers be n,n + 1 and n + 2. Then,
n+n+1)+(n+2)=3n+3
=3(n+1)
is divisible by 3.

b  This statement is not true. For example, 1 + 2 + 3 + 4 = 10 is not divisible by 4

2 (Method 1) If nis even then n = 2k, for some k € Z. Therefore,
n? —3n+1=(2k)2 - 2(2k) +1
=4k? 4k +1
= 2(2k* — 2k) +1
is odd.
(Method 2) If n is even then n? — 3n + 1 is of the form

even — even + odd = odd.

3 a (Contrapositive) If n is not even, then n® is not even. (Alternative) If n is odd, then n? is odd.

b Ifnisoddthenn =2k 4+ 1, for some k € Z. Therefore,
n® = (2k + 1)
— 8k 112k 1 6k 1
= 2(4k® + 6% + 3k) + 1
is odd.

¢ This will be a proof by contradiction. Suppose /6 is rational so that /6 = % where p, g € Z. We can assume

that p and g have no common factors (or else they could be cancelled). Then,
p*=6¢" (1)

p° is divisible by 2

p is divisible by 2

p = 2k for some k € N

(2.&)3 = ﬁqg(substitituting into (1))

8k® = 6¢°

Ak? = 3¢°

g2 is divisible by 2

q is divisible by 2.

L 2 I

So p and g are both divisible by 2, which contradicts the fact that they have no factors in common.
4 a Suppose nis the first of three consecutive numbers. If n is divisible by 3 then there is nothing to prove.
Otherwise, it is of the formn = 3k + 1 or n = 3k + 2. In the first case,

n=3k+1
n+1=3k42
n+2=3k+3=3(k+1)

so that the third number is divisible by 3. In the second case,

n=23k+2
n+1=3k+3=3(k+1)
n+2=3k+4

so that the second number is divisible by 3.



b The expression can be readily factorised so that
nd 4304+ 2n=n(n?+3n+2)

=n(n+1)(n+2)

is the product of 3 consecutive integers. As one of these integers must be divisible by 3, the product must also
be divisible by 3.

5 a ifm and n are divisible by d then m = pd and n = qd for some p, g € Z. Therefore,

m—n—=pd— qd
=d(p—q)
is divisible by d.

b Take any two consecutive numbers n and n + 1. If d divides n and n 4+ 1 thend mustdivide (n +1) —n = 1.
As the only integer that divides 1 is 1, the highest common factor must be 1, as required.

¢ We know that any factor of 1002 and 999 must also divide 1002 — 999 = 3. As the only factors of 3 are 1 and 3,
the highest common factor must be 3.

6 a Ifz=9andy = 16 then the left hand side equals
VI+16 =425 =5

while the right hand side equals

VOI+ /16 =3+4=T.

(=) EFT=yT+ i
Sz ty=(vz+ym)°
Szty=z+ EG+Y

= 0 = sgrtzy
=zy=20
z=00ry=0

(«=) Suppose that z = 0 or y = 0. We can assume that z = 0. Then

VE+y=y+0
= /¥
=¥+ V0

= /I + V%,
as required.

7 (Case 1) If nis even then the expression is of the form

even + even 4 even = even.
(Case 1) If n is odd then the expression is of the form

odd + odd + even = even.

8 a Ifa=b=c=d=1thenthe left hand side equals
1 1

R |
1 1

while the right hand side equals

1+1
1+1



b first note that if% > % then be = ad. Therefore,
a+c a blatc) a(b+d)

b+d b bb+d) bb+d
bla+c)—a(b+d)
B b(b+d)
ab 4 bc — ab — ad
b(b + d)
_ bc—ad
" b(b+d)
>0

since be > ad. This implies that

a-+c > E
b+d b
Similarly, we can show that
a+c < S
b+d ~d
°a
6™ + 4 is divisible by 10
P(1)
Ifn =1 then
6" +4=10

is divisible by 10. Therefore P(1) is true.
P(k)

Assume that P(k) is true so that
6F+4=10m (1)

for some m € Z.

61 +4=6x6"+4
=6x(10m—4)+4 (by (1))
=60m —24+4
= 60m — 20 x 3*
= 10(6m — 2)
is divisible by 10. Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

b
12+32—|—"'+(2ﬂ—1)2: n(ﬁﬂ.—lj(ﬁﬂ.—i—l)
3
If n = 1 then LHS = 12 = 1and
12x1—-1)(2x1+1
Ras — 1Gx1-DEx1+1)

3



Therefore P(1) is true.

P(k)
Assume that P(k) is true so that

gt (k1) k(zk_g(zkﬂ)_ "

LHSof P(k+1) =12 +3% + ... 4+ 2k — 1)? + (2k +1)?
E(2k —1)(2k+1
R DERED L ek 1? oy ()
k(2k —1)(2k+1)  3(2k+1)?
+
3 3
k(2k — 1)(2k + 1) + 3(2k + 1)?
3
~ (2k+1)(k(2k — 1) + 3(2k + 1))
B 3
_ (2k+1)(2K* — k+ 6k +3)
N 3
2k +1)(2k+3)(k+1)
B 3
_ (B+1)(2k+1)(2k+3)
N 3
C (E+1)(2(k+1)-1)(2(k+1) +1)
N 3
=RHSof P(k+1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

Solutions to multiple-choice questions

1 E The expression m — 3n is of the form

even — odd = odd.

M
m

If m is divisible by 6 and n is divisible by 15 then m = 6p and n = 15q for p, ¢ € Z. Therefore,

m x n = 90pg
m +n = 6p+ 15g = 3(2p + 5¢q)

From these two expressions, it should be clear that AB,C and D are true, while E might be false. For example,
if m = 6 and n = 15 then m + n = 21 is not divisible by 15.

3 C We obtain the contrapositive by switching P and @ and negating both. Therefore, the contrapositive will be

not Q = not P.

B
w

We obtain the converse by switching P and Q. Therefore, the converse will be
Q=P
5 C ifm+n=mnthen

n=mn—m
n=m(n—1)

This means that n is divisible by n — 1, which is only possible if n =2orn =0.1fn =0,thenm = 0.1fn = 2,
then m = 2. Therefore there are only two solutions, (0,0) and (2, 2).



6 D The only statement that is true for all real numbers a, b and ¢ is D. Counterexamples can be found for each of
the other expressions, as shown below.
Al 1

3°2

B 1
2::»

C3Ix-1<2x-1
E 1% < (-2)

7 D Asnisthe product of 3 consecutive integers, one of which will be divisible by 3 and one of which will be
divisible by 2. The product will be then be divisible by 1, 2, 3 and 6. On the other hand, it won't necessarily be
divisible by 5 since 2 x 3 x 4 is not divisible by 5.

8 C Each of the statements is true except the third. In this instance, 1 + 3 is even, although 1 and 3 are not even.

Solutions to extended-response questions

1 a The number of dots can be calculated two ways, either by addition,
(1+243+4)+(1+2+3+4)

or by multiplication,
4 x 5.

Equating these two expressions gives,

(1+24+3+4)+(1+2+3+4)=4x5
21+2+4+3+4)=4x5

1+2+3+4:4:5
The argument obviously generalises to more dots, giving equation (1).
b We have,
1+2---4+99= ggzﬂ
=99 x 50,

which is divisible by 99.

¢ Suppose that m is the first number, so that the n connective numbers are

mm+1,... m+n—1.
Then,
m+(m+1)+(m+2)+---+(m+n—-1)=nxm+(1+2+---(n—1))
(n—1)n
=nm+4 ——
2
B n—1
=n|\m+ )
n—1

Since nis odd, n — 1 is even. This means that

is an integer. Therefore, the term in brackets is an integer,

which means the expression is divisible by n.

d Since
n(n+1
1+2+-~+n=-iétl,

we need to prove the following statement:



n?(n+1)>2

P42 4 nd = 1

Ifn =1 then
LHS =1’ =1
and
2 2
pus — LUHDT
4
Therefore P(1) is true.
P(k)
Assume that P(k) is true so that
k2(k +1)2
P2 k= %. (1)

LHSof P(k+1)=1*+2* 4+ ... + E* 4+ (k+1)®

2 2
- EEED Lk ey )

+1)2  4(k+1)3
4 * e
(k+1)2+4(k+1)°
4
_ (k+ 1)2(k? 4+ 4(k + 1))
N 4
(k+1)2(k? + 4k + 4)
B 4
(k+1)°(k +2)?
N 4
_ (E+1)%((k+1) +1)°
N 1
=RHS of P(k+ 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

The first number is divisible by 2, the second by 3, the third by 4 and so on. As each humber has a factor
greater than 1, each is a composite number. Therefore this is a sequence of 9 consecutive composite

numbers.

We consider the this sequence of 10 consecutive numbers,
1M+ 2 111+ 3,..., 111+ 11.

The first number is divisible by 2, the second by 3 and so on. Therefore as each number has a factor greater

than 1, each is a composite number.

Since (a, b, ¢) is a Pythagorean triple, we know that a® 4+ b? = ¢®. Then (na, nb, nc) is also a Pythagorean triple

since,
(na)? + (nb)? = n2a® + n?p?
_ nz{az + b?)
= n*(c?)
= (ne)?,

as required.



Suppose that (n,n + 1,n + 2) is a Pythagorean triple. Then
n?4+n+1)%=(n+2)>
n+n?+2n+1=n+4n+14
n—2n-3=0
(n=3)(n+1)=0
n=3,-1.

However, since n > 0, we obtain only one solution, n = 3, which corresponds to the famous (3, 4, 5) triangle.

Suppose some triple (a, b, ¢) contained the number 1. Then clearly, 1 will be the smallest number. Therefore,
we can suppose that
1240 =¢2
- =1
(c=b)(c+b)=1
Since the only divisor of 1 is 1, we must have

c+b=1
c—b=1
=b=0andc=1.
This is a contradiction, since b must be a positive integer. Now suppose some triple (a, b, c) contained the
number 2. Then 2 will be smallest number. Therefore, we can suppose that
2?2 4 b? = ¢?
- =4
(c—b)(c+b)=14

Since the only divisors of 4 are 1,2 and 4, we must have

c+b=4
c—b=1
3 5
b:— = —
== 2,c 3
ar
c+b=2
c—b=2
= b=0,c=2

In both instances, we have a contradiction since b must be a positive integer.

(Casel)Ifa =3k 4+ 1 then
a® = (3k+1)2
= 0k + 6k + 1
=3(3k2 +2k) +1
leaves a remainder of 1 when divided by 3.
(Case 2) Ifa = 3k + 2 then

a® = (3k+2)°
—0k? + 12k +4
=0k +12k+3+1
=33k +4k+1)+1

also leaves a remainder of 1 when divided by 3.



b

Suppose by way of contradiction that neither a nor b are divisible by 3. Then using the previous question, each
of a® and b? leave a remainder of 1 when divided by 3. Therefore a® = 3k + 1 and b* = 3m + 1, for some
k,m € Z. Therefore,
& = a? 4 B2
=3k+1+3m+1
=3(k+m)+2.

This means that ¢2 leaves a remainder of 2 when divided by 3, which is not possible.

P(n)

n? + n is divisible by 2, where n € Z.

| P(1) |

If n = 1 then 12 + 1 = 2 is divisible by 2. Therefore P(1) is true.

| P(k) |

Assume that P(k) is true so that
BE+k=2m (1)

for some m € Z.
P(k+1)

Letting n = k + 1 we have,
(k+1)2+(k+1) =k +2k+1+k+1

— K+ 3k+2
= (k2 + k) + (2k + 2)
=am+2(k+1)  (by (1))
=2(m+k+1)

is divisible by 2. Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

Since
n?4+n=n(n+1)
is the product of two consecutive integers, one of them must be even. Therefore the product will also be even.
If nis odd, then n = 2k + 1. Therefore
nf-1=2k+1)2-1
=4k 44k +1-1
= 4k + 4k
= dk(k + 1)
=4 x2k (since the product of consecutive integers is even)
=8k

as required.

If n is divisible by 8, then n = 8k for some k € Z. Therefore n? = (8k)? = 64k> = 8(8k?)
is divisible by 8.

(Converse) If n? is divisible by 8, then n is divisible by 8.
The converse is not true. For example, 42 = 16 is divisible by 8 however 4 is not divisible by 8.

There are many possibilities. For example 3 + 97 = 100 and 5 + 97 = 102.



Suppose 101 could be written as the sum of two prime numbers. Then one of these primes must be 2, since all
other pairs of primes have an even sum. Therefore 101 = 2 + 99, however 99 is not prime.

There are many possibilities. For example, 7 + 11 + 83 = 101.

Consider any odd integer n greater than 5. Then n — 3 will be an even number greater than 2. If the Goldbach
Conjecture is true, then n — 3 is the sum of two primes, say p and g. Then n = 3 + p + g, as required.

We have,
1 1 n n—1
n—l_g_n(n—l]_n(n—l)
n—(n-1)
~ n(n-1)
n—n+1
 n(n-1)
_ 1
Conn-—1)
Usmg the identity developed in the previous question, we have,
1 1 1 1 1 1 1 1 1 1
zx1+3x2+“+m 1 2 e 373 it TR TRt Aol
1 1
1 n
.1
mn
as required.
True when n = 2 since L :1—l
2x1 2
Assume true forn = k
S SN SRR |
2x1 " 3x2 k(e +1) k
Forn=Fk+1
1 + 1 + -4 1 + 1 :1_14_;
2x1  3x2 E(k—1)  (E+1)(k) ko (k+1)(k)
1
T k41

Since k? > k(k—1) forall k € N,
1 1 1 11

1 1
stetptmmut(@tat)

1 ( 1
<IE ( ““+MH—U)
1—

2x1
1
n

+
1
—9_ =
n
< 2,

as required.

"~



2
z+y S +0° 22
2 22
:a;—bﬂ—ab
a? + b? 2ab
-2 2
a? — 2ab + b?
N 2
(a —b)?
N 2
>0

Itis also worth noting that we get equality ifand only if £ = g.

b j  Using the above inequality, we obtain,

1 [ 1
a+—>2,/a-—
a a
=21
= 2.

as required.

ii Using the above inequality three times, we obtain,
(@ +b)(b+ c)(c+ a) > 2v/ab x 2¢/bc x 2,/ca

= 8(v/a)’(vh)*(ve)?
= 8abe,

as required.

iii This inequality is a little trickier. We have,

2 2 2 2 2
9 .9 a b b c? a c
b (,'2: —_— —_ J— R R
a” + 0" + (2+2)+(2+2)+( +2)
2480 B4 24 2
a” + n + +ﬂ.+

|

2 2 2
> Va2 + VB + a2
= ab + be + ac,

as required.

¢ Ifarectangle has length z and width y then its perimeter will be 2z + 2y. A square with the same perimeter
will have side length,
2r+2y rT+y
4 27

Therefore,

2
A(square) = (:BTW) > zy = A(rectangle).

10 We show that it is only possible for Kaye to be the liar.

casel

Suppose Jaye is lying
Kaye is not lying

Elle is lying

There are two liars
This is impossible.

AT



12a

case 2

Suppose Kaye is lying

Jaye is not lying and Elle is not lying
Kaye is the only liar

case 3

Suppose Elle is lying

Mina is not lying

Karl is lying

There are two liars

This is impossible.

by

AT

First note that the four sentences can be recast as:
m Exactly three of these statements are true.

m Exactly two of these statements are true.

m Exactly one of these statements are true.

m None of these statements are true.

At most one of these statements can be true, or else we obtain a contradiction. If none of the statements is
true, then the last statement is true. This means that at least one of the statements is true. This also gives a
contradiction. Therefore, only one of the statements is true, that is, the third statement.

There is only one possibility,
[1,2,4,8][3,5,6,7]

We know that we can split the numbers 1,2, ...,8,

[1,2,4,8[3,5,6,7]

Deleting the largest number, 8, will give a splitting of 1,2, ..., 7.

[1,2,4] [3,5,6,7 ]

Continuing this process, deleting the 7, will be a splitting of the numbers 1,2, ..., 6, and so on.

We first note that if a set can be split then two numbers can't appear in the same group as their difference. To
see this, if z and y and = — y all belong to the same group then (z — y) + y = z. Let's now try to split the
numbers 1,2, ...,9. Call the two groups X and Y. We can assume that 1 € X. We now consider four cases for
the groups containing elements 2 and 9.

(case 1) Suppose2 € X and9 € X

Reason XY Reason

(assumed) 1
(assumed) 2
(assumed) 9
3 (1,2€ X)
7(2,9¢X)
(3,7€Y) 4
5 (1,4 € X)
6 (2,4 X)
(5,6Y) 8

This doesn't work, since X is forced to contain the numbers 1,8 and 9.
(case 2) Suppose2 € X and9eY



Reason X Y Reason

(assumed) 1
(assumed) 2
9 (assumed)
3(1,2€X)
(3,9¢Y) 6
4 (2,6 € X)
5 (1,6 € X)

This doesn't work, since Y is forced to contain the numbers 4,5 and 9.
(case 3)Suppose2 e Y and9 e X

Reason XY Reason

(assumed) 1

2 (assumed)
(assumed) 9

8 (1,9¢X)
(2,8Y) 6

3 (6,8 X)
(2,8€Y)5 (3,8€X)

This doesn't work, since X is forced to contain the numbers 1, 5 and 6.
(case4)Suppose2ec Y and9eY

Reason XY Reason

(assumed) 1

2 (assumed)

9 (assumed)
(2,9€Y) 7

6 (1,7 X)
(2,8€Y) 4

3 (4,7 X)

This doesn't work, since Y is forced to contain the numbers 3,6 and 9.

d Ifthe numbers1,2,...,n could be split, where n > 9, then we could successively eliminate the largest term to
obtain a splitting of the numbers 1, 2, ..., 9. However, we already know that this is impossible.

13a Asuitable tiling is shown below. There are many other possibilities.

b Tile E must go into a corner. This is because there are only two other tiles (A and B) that it can go next to. Tile F
must also go into a carner. This is because there are only two other tiles (B and C) that it can go next to.
(Case 1) Tile E and tile F are in different rows
Since tile B must go next to both tiles E and F, this is impossible.

(Case 2) Tile E and tile F are in the same row
Assume tile Fis in the top left position.
Then tile E goes in the top right position.



Therefore tile B must go between them.

B

Tile C must then go beneath tile F and tile A must go beneath tile E. Consequently, tile D must go beneath tile
B. Therefore, there is only one valid orientation of tile D.

This fixes the orientation of tiles A and C.

Since tile F could have gone into any one of the four corners, there are only four ways to tile the grid.



